Since the inception of control charts by W. A. Shewhart in the 1920s they have been increasingly applied in various fields. The recent literature witnessed the development of a number of nonparametric (distribution-free) charts as they provide a robust and efficient alternative when there is a lack of knowledge about the underlying process distribution. In order to monitor the process location, information regarding the in-control process median is typically required. However, in practice this information might not be available due to various reasons. To this end, a generalized type of nonparametric time-weighted control chart labelled as the Double Generally Weighted Moving Average (DGWMA) based on the exceedance statistic (EX) is proposed. The DGWMA-EX chart includes many of the wellknown existing time-weighted control charts as special or limiting cases for detecting a shift in the unknown location parameter of a continuous distribution. The DGWMA-EX chart combines the better shift detection properties of a DGWMA chart with the robust in-control performance of a nonparametric chart, by using all the information from the start until the most recent sample to decide if a process is in-control (IC) or out-of-control (OOC). An extensive simulation study reveals that the proposed DGWMA-EX chart, in many cases, outperforms its counterparts.
Introduction
Statistical process control (SPC) refers to the collection of statistical procedures and problem solving tools used to control and monitor the quality of the output of some production process 1 Corresponding author: e-mail: hosseinstatistics@gmail.com (Balakrishnan et al. 1 ). It is often of interest to detect any changes in location and/or dispersion as early as possible and SPC possesses some of the extensively used tools to detect the presence of causes of variation and to maintain stability. One of these tools is the control chart and designed to detect changes in a process from an in-control to an out-of-control state. Control charts are widely used to analyse and understand process variables, monitor effects of the variables on the difference between target and actual performance, and determine if a process is under statistical control. If a charting statistic plots within the upper and lower control limits , it is considered to be in-control (IC) and if a charting statistic plots on or outside either of the limits, it is declared to be out-of-control (OOC). Control charts usually assume a known (normal) distribution for the process, however in many applications, the underlying process distribution is unknown and/or not normal and hence the statistical properties of commonly used charts, designed to perform best under the normal distribution assumption, could be highly affected. Nonparametric control charts provide a robust alternative when there is a lack of knowledge about the underlying process distribution. A chart is called distribution-free or nonparametric if its IC run length distribution remains invariant for all continuous process distributions. However, in some cases, symmetry of the underlying distribution is required for the chart to be nonparametric. The number of plotting statistics to be plotted until the first out-of-control signal occurs, is a discrete random variable and is called the run length.
Walter A. Shewhart (1891 Shewhart ( -1967 proposed Shewhart-type charts, laying the foundation of SPC. The interested reader is referred to Shewhart 2, 3 . Shewhart-type control charts are the most widely known charts in practice because of their global performance. The charting statistic for the Shewhart-type charts is typically the value of the corresponding sample statistic. As an example, assume that the observations from the process being monitored are mutually independent and from a normal distribution with known mean and known variance 2 . Then the symmetrically placed control limits for a Shewhart ̅ chart are given by = + √ and = − √ , where denotes the sample size, and are the upper and lower control limits, respectively, and > 0 is the distance of the control limits from the centerline. Because Shewhart-type charts only use the most recent sample to decide if the process is IC or OOC, they are inefficient in detecting small and minor shifts in the process. To overcome the difficulties of Shewhart-type charts in detecting process shifts, it is recommended to use time-weighted or memory-type charts such as the Cumulative Sum (CUSUM) proposed by Page 4 , the Exponentially Weighted Moving Average (EWMA) proposed by Roberts 5 , the Double Exponentially Weighted Moving Average (DEWMA)
proposed by Shamma and Shamma 6 and the Generally Weighted Moving Average (GWMA)
proposed by Sheu and Lin 7 ; these charts sequentially accumulate information over time to determine the state of statistical control. The interested reader is referred to Montgomery 8 for more details. Sheu and Hsieh 9 proposed a Double Generally Weighted Moving Average (DGWMA) chart for the normal distribution (denoted by DGWMA-̅ ) by combining the DEWMA-̅ chart proposed by Zhang and Chen 10 and the GWMA-̅ chart proposed by Sheu and Lin 7 . They have shown that the DGWMA-̅ chart is more sensitive in detecting minor shifts in the process. The interested reader is referred to the works by Tai et al. 11 and Huang et al. 12 . In typical applications Shewhart-type and time-weighted charts are based on the fact that the observations of the underlying process are assumed to follow a normal or specified probability distribution. However, in many situations, the assumption of normality may not be justified or valid when the observations are from a non-normal or unknown distribution.
The CUSUM signed-rank charts were developed by Bakir and Reynolds 13 and the Shewharttype signed-rank chart by Bakir 14 . For more details the interested reader is referred to Amin et al. 15 , Chakraborti et al. 16 and Bakir 17 . More recently, Lu 18 and Chakraborty et al. 19 proposed nonparametric GWMA charts based on the sign statistic (denoted by GWMA-SN) and Wilcoxon signed-rank statistic (denoted by GWMA-SR), respectively, for the case when the true process median is known; this is referred to as Case K. The parametric DGWMA scheme has been shown to improve the detection ability of the GWMA chart. To this end, Lu 20 proposed a nonparametric DGWMA chart (denoted by DGWMA-SN) when the true process proportion is known. However, the true process median may not be known (referred to as Case U) which limits the applicability of the distribution-free DGWMA charts based on well-known nonparametric statistics, e.g. the sign and Wilcoxon signed-rank statistics.
Precedence or exceedance tests, based on precedence or exceedance statistics, are well known nonparametric two-sample tests which do not suffer from the limits of the aforementioned. Precedence statistics are defined as the number of observations from one of the samples that exceeds a specified ( ℎ ) order statistic of the other sample. A class of nonparametric Shewhart-type charts, referred to as Shewhart-type precedence charts were studied by Graham et al. 21 . For more information in terms of nonparametric control charts please refer to Chakraborti et al. 22 . More recently, Chakraborty et al. 23 proposed a nonparametric GWMA exceedance chart, referred to as the GWMA-EX chart, which outperforms the EWMA-EX chart. Relatively little work has been done on nonparametric schemes in the context of a DGWMA chart. Motivated by these findings, we construct a distribution-free DGWMA chart based on an exceedance statistics for monitoring the unknown median of a process. This chart is referred to as the DGWMA exceedance (or DGWMA-EX) chart and integrates the virtues of both the GWMA and DEWMA charts to achieve improved detection ability, when compared with the nonparametric GWMA-EX chart. The proposed chart can be viewed as a generalized nonparametric time-weighted control chart which includes other nonparametric time-weighted charts such as the GWMA-EX, EWMA-EX and Shewhart-EX charts as limiting cases. Furthermore, the nonparametric DEWMA chart based on exceedance statistics, labelled as the DEWMA-EX chart, which is a special case of the DGWMA-EX chart, will be proposed and discussed as well. To the best of our knowledge there is no research published on the DEWMA-EX chart, a special case of the proposed DGWMA-EX chart, in the SPC literature, hence this paper also introduces this chart and discusses some of its properties. The structure of the rest of the paper is as follows:
Section 2 provides the necessary theoretical framework for the DGWMA-EX chart. In Section 3, the run length distribution and design of the proposed chart are studied. An illustrative example is provided in Section 4, while some conclusions are provided in Section 5. ( ) = ( − ). The main intention is to design a control chart for monitoring the unknown process location. The unknown/true value of the location parameter is denoted by 0 and the shifted location parameter is denoted by 1 = 0 + ; where −∞ < < ∞ is the location shift. The process is declared to be IC when the unknown continuous c.d.f.'s and are equal (i.e. = or = 0) and out-of-control (OOC) when ≠ or ≠ 0.
Preliminaries and Statistical Framework of the DGWMA exceedance chart

Let
denote the number of observations in the ℎ Phase II sample that exceeds ( ) , = 1,2,…, , i.e. the ℎ order statistic from the Phase I sample of size ≥ 1. The statistic is called the exceedance statistic and the probability = [ ≥ ( ) | ( ) ], is the exceedance probability. For inference purposes, the exceedance and precedence tests are equivalent in the sense that the two statistics are linearly related. Hereafter, will be used to denote the exceedance statistic for the ℎ sample in Phase II.
Charting statistic
The DGWMA-EX chart is an extension of the GWMA-EX chart by invoking the DEWMA technique i.e. performing "smoothing" twice. The GWMA-EX chart proposed by Chakraborty et al. 23 is constructed by taking a weighted average of a sequence of the exceedance statistic 's. Let 1 and 2 be two discrete random variables denoting the number of samples until the next occurrence of an event since its last occurrence. Then, by summing over all values of , we can write:
A GWMA is a weighted moving average of a sequence of 's, where the probability
is known as the weight for the ℎ most recent statistic − +1 among the last of the 's. The probability P[ 1 > ] is considered the weight for the starting value, denoted by 0 1 , and is typically taken as the unconditional in-control (IC) expected value of the exceedance statistic under consideration, i.e., 0 1 = ( | ) = (1 − +1 ). Hence, the charting statistic for the GWMA-EX chart is as follows:
The distribution of 1 can be written as (Sheu and Hsieh 9 ):
where 0 < 1 < 1 and 1 > 0 are the parameters and = 1, 2, … . Equation (3) is the probability mass function (p.m.f.) of the two-parameter discrete Weibull distribution introduced by Nakagawa and Osaki 24 . By substituting the p.m.f. of the two-parameter discrete Weibull distribution in Equation (2), the charting statistic for the GWMA-EX is:
where 0 1 = (1 − +1 ).
Now, to propose the DGWMA-EX chart as an extension of the GWMA-EX chart, the DGWMA-EX charting statistic is defined as:
where 0 2 = 0 1 = ( | ) = (1 − +1 ) is the starting value, and
where 0 < 2 < 1 and 2 > 0 are the parameters and = 1, 2, … , similar to Equation (3).
Note that the superscripts that are used to denote the charting statistics for the GWMA-EX and the DGWMA-EX charts (i.e. 1 and 2 , respectively) also denote the order in which we apply the first and second "smoothing" of the 's; these superscripts should not be confused with the mathematical concept of raising a number or variable to an arbitrary power.
As in Sheu and Hsieh 9 , the charting statistic in Equation (5) can be rewritten as:
where the weight at time is defined as:
By substituting the p.m.f. for the discrete Weibull distribution (Equations (3) and (6)) into
Equation (8), the weights can be written as:
Finally, the DGWMA-EX charting statistic is defined as:
where, = 1, 2,… and 0 2 is considered as the starting value.
The DGWMA-EX statistic 2 is denoted by DGWMA-EX ( 1 , 1 ; 2 , 2 ). In addition, the values of the weights i.e. , using 0 < 1 , 2 < 1, 1 , 2 > 0, ( 1 > ) = 1 1 and ( 2 > ) = 2 2 are equal to those derived using ( 1 > ) = 2 2 and ( 2 > ) = 1 1 . Hence, the DGWMA-EX chart with parameters ( 1 , 1 ; 2 , 2 ) is equivalent (i.e. has the same run length distribution) as the DGWMA-EX chart with parameters ( 2 , 2 ; 1 , 1 ).
For the sake of brevity, we write DGWMA-EX ( 1 , 1 ; 2 , 2 ) = DGWMA-EX ( 2 , 2 ; 1 , 1 ).
Since there is no or little information available with respect to the process distribution, the control limits for the DGWMA-EX chart are determined using the unconditional IC expectation and variance of the charting statistics in Equation (10).
Control limits
Let 0 2 = (1 − +1 ), then the unconditional IC expectation of 2 can be derived as (see Chakraborty et al. 23 ):
The unconditional IC variance of 2 is:
The exact time-varying, symmetrically placed, control limits (denoted by & ) of the two-sided DGWMA-EX chart are given by:
where > 0 is the distance of the control limits from the centerline and the subscript "e" denotes the exact control limits.
The steady-state control limits, which are based on the asymptotic unconditional variance of the charting statistic, are given by:
with centerline = (1 − +1 ), where the subscript "s" denotes the steady-state control
The following points are worth mentioning here:
i.
The main focus of this study is to construct a DGWMA-EX chart with control limits equidistance from the centerline. One can also design a one-sided chart depending on the purpose or application;
ii. Steady-state control limits are used in order to simplify the application and implementation of the DGWMA-EX chart. Hence, hereafter we use LCL and UCL to denote the steady-state control limits in Equation (14);
iii. If any plotting statistic 2 , plots on or outside either of the control limits (steadystate) given in Equation (14), the process is declared out-of-control (OOC) and a search for assignable causes is started. Otherwise, the process is considered to be in-control (IC), which implies no location shift has occurred;
iv. For more information in terms of precedence or exceedance type tests and their distributional properties, please refer to Balakrishnan and Ng 25 ;
v.
Since the DGWMA-EX chart has four parameters, the computational aspects can become complex and time consuming. However, choosing specific values for some of the parameters reduces the number of unknown DGWMA-EX parameters and simplifies the implementation of the proposed chart. In this article, we will consider the DGWMA-EX chart with 1 = 2 = and 1 = 2 = . For brevity we denote this chart by DGWMA-EX ( ; );
vi. Sheu and Hsieh 9 mentioned that the DGWMA chart with four parameters does not perform better than the DGWMA with two parameters. However, it was discovered that there exist DGWMA-EX charts with four parameters that outperforms the DGWMA-EX chart with two parameters. We first computed the in-control ARL ( 0 ) for these two charts to ensure both of them are at an equal footing. The 0 of the DGWMA-EX ( 1 , 1 ; 2 , 2 ) is 370.47 and for the DGWMA-EX ( ; ) is 371.34. We computed the out-of-control ARL ( 1 ) for some combinations of 1 , 2 , 1 , 2 and as a result for some combinations of the aforementioned parameters the DGWMA with four parameters outperforms the DGWMA with two parameters; this is due to the flexibility that is gained by using additional parameters. For example, for 1 = 0.8, 2 = 0.7, 1 = 0.9, 2 = 0.7 and L= 1.984, the OOC ARL is equal to 1 = 348.78 and 1 = 107.09, for shift sizes ( ) 0.05 and 0.25, respectively. For 1 = 2 = = 0.8, 1 = 2 = = 0.9 and L= 1.925, the OOC ARL is equal to 1 = 364.05 and 1 = 111.66, for shift sizes ( ) 0.05 and 0.25, respectively. The first set of design parameters are referring to the DGWMA with four parameters while the latter one are referring to the DGWMA with two parameters;
vii.
The GWMA-EX and EWMA-EX charts are limiting cases of the proposed DGWMA-EX chart. For example, in the DGWMA-EX chart, if we set 2 = 0 and 2 = 1, then the chart simplifies to a GWMA-EX chart with the parameters 1 and 1 denoted as GWMA-EX ( 1 , 1 ). In the GWMA-EX chart, if one sets 1 = 1, then it simplifies to the EWMA-EX chart denoted as EWMA-EX ( 1 ). The same result can be obtained, if we set 1 = 2 = 1 and 2 = 0, then the charting statistic of the DGWMA-EX reduces to the charting statistic of the EWMA-EX chart denoted as EWMA-EX ( 1 ). Hence, as a conclusion, the EWMA-EX chart can be regarded as limiting case for the DGWMA-EX chart, and as a special case of the GWMA-EX chart;
viii. Shamma and Shamma 6 designed a DEWMA chart for the mean. Zhang and Chen 10 have shown that the proposed chart performs better than the EWMA chart for the mean when the process shifts are small. For larger shifts, the DEWMA chart and the EWMA chart perform similarly. We also introduce the nonparametric DEWMA chart (Case U) labeled as DEWMA-EX control chart in this paper which is a special case of the DGWMA-EX chart. Note that, as mentioned by Zhang and Chen 10 , there are two cases for the DEWMA chart based on the equality and/or inequality of the smoothing parameters ( 1 = 1 − 2 ,  2 = 1 − 1 − ) and DEWMA-EX ( 1 = 1 − 2 ,  2 = 1 − 1 ), respectively. In the DGWMA-EX chart, if one sets 1 = 2 = 1, the outcome will be the DEWMA-EX with parameters 1 and 2 , denoted as DEWMA-EX (1 − 2 , 1 − 1 ). Zhang and Chen 10 concluded that the DEWMA chart with equal smoothing parameters performs similarly comparing to the DEWMA chart with different smoothing parameters.
Implementation and performance
The average run length (ARL) is the most important and widely used metric to evaluate the performance of control charts. The performance of a control chart can be evaluated in terms of two ARL values:
• 0 : the average number of charting statistics until an OOC signal is detected by a control chart when the process is in-control;
• 1 : the average number of charting statistics until an OOC signal is detected by a control chart when the process has shifted to an OOC value.
The design of the DGWMA-EX chart typically involves the calculation of the chart parameters so as to obtain a pre-specified in-control (denoted by 0 * ) i.e. one wants to solve for the values 1 , 2 , 1 , 2 and such that 0 ≈ 0 * . In order to make the computational aspects easier, some of the design parameters are set equal to each other, hence 1 = 2 = and 1 = 2 = . However, since ( ) is a random variable, computation of the run length distribution for the DGWMA-EX chart is not straightforward. The three standard methods that are often used to evaluate or calculate the ARL and that will be investigated in this article are: (i) the exact approach; (ii) the Markov chain approach and, (iii) Monte Carlo simulation.
Exact approach
One can denote as the run length random variable for the DGWMA-EX chart. Suppose that the signaling event at the ℎ sample is denoted by . For ∀ ≥ 1, one can re-write the event
and UCL and LCL are the steady-state control limits defined in Equation (14).
The conditional ARL can be written as:
The unconditional ARL is, therefore:
By obtaining ( ) ( ) (see Appendix A2), the closed form expression of the unconditional ARL is:
The following points need to be taken into account when evaluating Equation (18): i. The closed form expression consists of multiple series and as inceases, the number of series increase which makes the expression cumbersome to evaluate computationally;
ii.
The "IC robustness" property is referred to a control chart based on the exceedance (precedence) statistic which is distribution-free when the process is declared IC. Hence, evaluation of Equation (18) does not require any prior knowledge regarding the distribution of the underlying process when the process is IC.
Markov chain approach
The Markov chain approach is another method that is widely applied in the context of control charts to evaluate the run length distribution and its characteristics. However, due to the complexities of implementing the Markov chain approach raised by Chakraborty et al. 23 , calculating the run length distribution and enumerating the states spaces utilizing the Markov chain approach is difficult.
Monte Carlo simulation approach
A numerical Monte Carlo simulation has been implemented in this study to estimate the unconditional run length distribution and its characteristics for the DGWMA-EX chart.
Furthermore, to make the calculation easier and less time consuming, as mentioned earlier, we set 1 = 2 = and 1 = 2 = . The simulation algorithm includes the following steps:
i. Select a combination of the design parameters, i.e., ( , , ), the shift to be detected denoted by , the reference and test sample sizes ≥ 1 and ≥ 1, the IC distribution parameter 0 and identify a process distribution ( ); the latter is only used to investigate the out-of-control run length distribution;
Obtain the ℎ order statistic ( ) by generating a reference sample of size from the identified process distribution ( );
iii.
A test sample of size ≥ 1 is generated to calculate the exceedance statistic by counting the number of observations ′ in the ℎ sample that met the constraint ≥ ( ) . The test sample is drawn from ( − 1 ). One needs to note that when an IC run length distribution is desired then 1 = 0 , whereas 1 = 0 + referred to as an OOC run length;
iv.
Calculate the steady-state control limits defined in Equation (14) vi. After running 10,000 iterations of the steps (i) to (v), the number of samples until the first plotting statistic falls on or outside the steady-state control limits, known as the run length, is calculated for each of the interactions. These 10,000 empirical run length values are then used to calculate the average run length and other characteristics for the run length.
The in-control (IC) design
The in-control design of the proposed DGWMA-EX chart consists of obtaining the values for the charting constant, i.e. > 0 for chosen values of (known as the reference sample size) and (known as the test sample size) and a certain range of values for each ( , )
combination, so that the attained IC ARL is close to the desirable value * which is typically 370 or 500. Sheu and Hsieh 9 , Tai et al. 11 and Huang et al. 12 noted that ( , )
combinations in the intervals 0.5 ≤ ≤ 0.9 and 0.5 ≤ ≤ 1.0 enhanced the sensitivity of the DGWMA-̅ chart and outperformed the GWMA-̅ , DEWMA-̅ and EWMA-̅ charts for small shifts. Chakraborty et al. 23 To ensure our simulation yields reasonable and consistent results and ensure the validity of the algorithm developed in R, we compared our results to those obtained by Chakraborty et al. 23 . For instance, consider two following scenarios:
i. When = 49 and = 10, we have 1 = 0.95, 2 = 0, 1 = 0.7 and 2 = 1, we find from Table 3 that a value of charting constant = 0.737 gives an attained 0 = 370.03. In Chakraborty, et al. 23 , the GWMA-EX chart with = 1 = 0.95 and = 1 = 0.7 and = 0.738 has an attained 0 = 370.05.
ii. When = 99 and = 5, we have 1 = 0.9, 2 = 0, 1 = 0.7 and 2 = 1, we find from Table 4 that a value of charting constant = 1.805 gives an attained 0 = 370.49. In Chakraborty, et al. 23 , the GWMA-EX chart with = 1 = 0.9 and = 1 = 0.7 and = 1.807 has an attained 0 = 370.58.
The charting constant values in Tables 1, 2, 3 and 4 will be useful for the design and implementation of the DGWMA-EX chart; this includes designing and implementing the GWMA, DEWMA and EWMA exceedance charts.
The main objective of this paper is to focus on the median of the Phase I reference sample i.e.
where ( ) is the median of the Phase I sample. However, a short performance analysis is also conducted for the proposed DGWMA-EX using the 25 th and 75 th percentiles of the Phase I sample. This is discussed in more detail in the next section. However, based on the observed results, the recommendation would be to use the median of the Phase I sample for the DGWMA-EX chart, since the median is a robust measure of the central tendency of distributions and practitioners are more interested in the median. Hence, in this section a general guideline is provided for practitioners on the design of the DGWMA-EX chart.
The out-of-control (OOC) performance
The preliminary step to evaluate the OOC performance is to ensure that the 0 's are close to 370 (when no shift occurs) so that all the charts are at an equal footing. Once different competing charts are designed with equal 0 , a chart with the smaller 1 provides better performance for practical applications.
The results for the OOC performance comparisons are shown in Tables 1, 2, 3 and 4 for multiple combinations of the parameters ( , ) as well as for some chosen or specified values of , , and . Tables 1 and 2 refer to the DGWMA-EX control chart and Tables 3 and 4 correspond to the GWMA-EX and EWMA-EX charts when = 49, 99 and = 5, 10. The optimal design for the proposed DGWMA-EX chart would consists of specifying the desired 0 and 1 values as well as the magnitude of the process shift and then select the combination of design parameters that provides the desired 0 with the minimum 1 . For instance, in Table 1 ii.
The DGWMA-EX chart, generally performs better than the EWMA-EX chart for ≤ 0.25. For example, in order to detect a shift of = 0.05, a DGWMA-EX with = 0.8, = 1.0, = 1.755 has 1 = 360.95 whereas the EWMA-EX chart with 1 = 0.8, 2 = 0, 1 = 1 and 2 = 1 and = 2.249 has 1 = 366.63 when = 49 and = 5.
Overall, for small to moderate shift, the DGWMA-EX chart works better than the GWMA-EX and the EWMA-EX charts. For example, when = 0.8, = 0.8, = 49 and = 10, a comparative plot is illustrated in Figure 1 to compare the ARL performance and detection ability between the DGWMA-EX, the GWMA-EX and the EWMA-EX charts. One can clearly observe that the DGWMA-EX chart outperforms the other counterparts for small shifts. In practice one can be interested in selecting an ℎ order statistic from the Phase I sample other than considering the median. Hence, we conducted a comparative study for the DGWMA-EX chart using the 75 th and 25 th percentiles as well. For ( ) = 25 th percentile, the run length distribution encounters bias, that is 1 is greater than 0 which makes the performance of the control chart worse than in the median case. For ( ) = 75 th percentile, there is a considerable improvement in terms of the run length distribution for each choice of design parameters ( , , ) and shift size . The relative results are presented in Table 5 for the DGWMA-EX chart and in Table 6 for the GWMA-EX and EWMA-EX charts, when = 49 and = 5.
A performance study for the DGWMA-EX chart based on the median run length (MRL) was performed by taking ( ) as the 75 th , 50 th and 25 th percentiles. The reference sample size is taken as = 100, the test sample size is taken as = 5 and a typical value for the MRL is taken as 0 * = 350. For given , and ( , ), we obtain L values so that the attained 0 * = 350 when ( ) is taken as the 75 th , 50 th and 25 th percentiles. These results are reported in Tables 7 and 8 for the DGWMA-EX, GWMA-EX and EWMA-EX charts respectively and they show similar results as in the ARL study. When ( ) is selected as the 25 th percentile, it has poorer performance than ( ) =50 th percentile and the problem of bias in the run length distribution still remains as a major issue. Hence, there is no significant improvement observed in performance when the study is based on the MRL.
As a conclusion, the median is known to be a better percentile whenever the direction of the shift to be detected, is not specified, and is thus recommended to practitioners.
The DGWMA charts are more sensitive and detect a shift quicker than its main timeweighted counterpart the GWMA chart in the case of a small or tiny shift, see for example, Sheu and Hsieh 9 , Huang et al. 12 , Lu 18 and the references therein. It is therefore logical to compare the OOC performance of the proposed DGWMA-EX chart with the DGWMA-̅ , GWMA-̅ , GWMA-EX and EWMA-EX charts under the normal and a number of nonnormal distributions when parameter of interest is unknown (Case U). Therefore, three nonnormal symmetric (around zero) process distributions are considered which have heavier tails or lighter tails than the normal distribution. We considered the logistic (0, √3/ ) distribution, the uniform (-√3, √3) distribution and the Laplace (0,1/√2) distribution. The parameters of these distribution are selected in such a manner that the variance is 1, which makes the results comparable amongst different distributions. For skewed distributions, we considered the gamma distribution with shape parameters 1, 2 and 3 and scale parameter set equal to 1 in each case.
The OOC performance results are summarized in the following sections. However, the rigid assumption of normality might not hold in all cases and hence it is vital to evaluate the performance of the DGWMA-EX chart under non-normal distributions. For comparison purpose, the reference sample size is taken as = 49, the test sample size is = 5, and the design parameters are selected as 1 = 2 = = 0.8, 1 = 2 = = 0.7 and = 1.304 for the DGWMA-EX chart. Table 9 illustrates that for the aforementioned combination, the DGWMA-EX chart performs better than the GWMA-EX and EWMA-EX charts under non-normal symmetric distributions. For instance, when the process follows a logistic (0, √3/ ) distribution and shift size = 0.1, the DGWMA-EX chart with parameters = 0.8, =, 0.7 and = 1.304 has 1 = 306.82, while the GWMA-EX chart with parameters 1 = 0.8, 2 = 0, 1 = 0.7, 2 = 1 and = 2.032 has 1 = 314.89 and the EWMA-EX chart with parameters 1 = 0.8, 2 = 0, 1 = 1, 2 = 1 and The parameters , for all the time-weighted control charts included in the comparative analysis are taken to be the same, since the main intention is to see whether the same ( , ) combination provides similar robust performance under different non-normal symmetric distributions when X ̅ is replaced by the exceedance statistic in the DGWMA chart. The mechanism for designing parametric control charts for Case U is to use an IC Phase I sample and obtaining the estimates for the unknown process parameters. Thereafter, these estimates will be used to obtain the control limits and as well as studying the performance of the run length characteristics. Table 9 reveals that, under the normality assumption the DGWMA-̅ chart outperforms DGWMA-EX, GWMA-EX and EWMA-EX charts, which is an expected outcome since the DGWMA-̅ chart is designed under the normality assumption. However, when the process distribution departs from normality, the behavior of the DGWMA-̅ chart is influenced and its attained 0 starts moving further from the standard value 370. For the logistic distribution this does not hold, since the IC ARL does not depart that further from 370 when the underlying process distribution is not normal. For this specific distribution, the attained 0 for DGWMA-̅ chart is 367.04, whereas for the uniform and the Laplace distributions the attained 0 is 396.90 and 391.43, respectively. On the contrary, the nonparametric counterpart DGWMA-EX is IC robust under non-normality.
Hence, when the underlying process distribution is either unknown or cannot be identified, the DGWMA-EX chart is a better alternative since it is IC robust under non-normality whereas the DGWMA-̅ chart is non-robust.
Furthermore, the robust IC and OOC performances for the DGWMA-EX chart under normal and symmetric non-normal distributions are presented in Figure 5 . The following is worth noting regarding the gamma distribution:
i. The parameters and are known as the shape and the scale parameters;
ii. Under the gamma distribution, the mean and the variance are functions of parameters and ;
iii. For a given value of the shape parameter , the scale parameter would effect change in both mean and variance. Hence, for the gamma distribution it is not possible to assume mean 0 and variance 1 as in the study pertaining to symmetric distributions.
The IC and OOC scale parameters are denoted as 0 and 1 respectively. Note that the shift for the gamma distribution is defined as = 1 / 0 which is different than for symmetric distributions considered in the previous section. The reason is as follows: If X ~ gamma ( , ), then Y = X/( ) ~ gamma( , 1). In other words, the IC scale parameter can be taken as 1 and hence the shift which is defined as the ratio between 1 and 0 ( = 1 / 0 ) is equal to the OOC scale parameter ( = 1 ). Hence, X/ 1 and Y/( ) ~ gamma( , 1/( )), have the same distribution as long as the ratio stays the same. However, for the absolute difference between the IC and OOC scale parameters which is defined as | 1 − 0 |, the effect of the shift depends on the magnitude of 0 . Therefore, considering 0 = 1 would make the chart applicable for any IC 0 , whereas the OOC performance differs based on different values for 0 and 1 . For the IC process the shift value is considered as 1 ( = 1) and for the OOC the values are = 0.975, 0.95, 0.9, 0.8, 0.7. Note that, as mentioned by Chakraborty et al. 23 for the GWMA-̅ chart, the control limits used for the normal distribution in the case of the DGWMA-̅ chart (Case U) are unsuitable for the gamma distribution since the mean and the variance are no longer 0 and 1, respectively.
In order to calculate the control limits for the DGWMA-̅ chart, the estimation of both the process mean ( ) and the standard deviation ( ) from the IC Phase I sample is required.
Thereafter, these estimates denoted by ̂ and ̂ can be used to obtain the control limits.
Results for the gamma distribution are presented in Table 10 which reveals that the DGWMA-̅ is not IC robust and the issue related to the bias of the run length distribution exist. For example, for the DGWMA-̅ chart with = 0.8, = 0.7, L = 2.992, = 49 and = 5 has 0 = 436.02 for gamma(1,1) distribution, 0 = 441.70 for gamma(2,1) distribution and 0 = 432.24 for gamma (3, 1) distribution. Furthermore, when the shape parameters = 1, 2, 3, the DGWMA-EX chart outperforms the GWMA-EX and EWMA-EX chart for all shift ≥ 0.7. The only exception is for case of = 3 and = 0.7 where GWMA-EX chart outperforms the DGWMA-EX and EWMA-EX charts. The IC and OOC ARL performance for the DGWMA-EX chart under the gamma distribution with different shape parameters is presented in Figure 6 . Based on the illustration, the DGWMA-EX chart with larger shape parameter performs better than others.
Illustrative example
In this section, we present a simulated example to demonstrate the applicability of the proposed DGWMA-EX chart. We draw a reference sample of size = 49 from a standard normal (N(0,1)) distribution as a Phase I dataset in order to estimate the process median.
Thereafter, we draw 200 Phase II random samples of size = 5, from a N(0.25,1) distribution which can be viewed as an OOC observations following a location shift of = 0.25. Two sets of design parameters are used: ( = 0.8, = 0.7, L = 1.304) and ( 1 = 0.8, other combination can be chosen, however these values are chosen only for the illustration purposes. The in-control ( 0 ) for both charts are close to 370 which put them at equal footing in order to perform a valid comparison. From Table 1, the DGWMA-EX chart has an   OOC  of 163.35 while from Table 3 the GWMA-EX chart has an OOC of 182.06 when = 0.25. Control limits for the DGWMA-EX chart are obtained as UCL = 3.008 and LCL = 1.991, whereas for the GWMA-EX chart these limits are obtained as UCL = 3.437 and LCL = 1.562. The two control charts are displayed in Figure 7 . As a conclusion, the DGWMA-EX chart detects the shift = 0.25 (small shift) much quicker than the GWMA-EX chart which provides similar results as those presented in Tables 1 and 3 .
Synopsis and main conclusions
Nonparametric control charts offer an efficient technique to monitor a process, even if the form of the underlying distribution is unknown or not exactly specified. The performance of the DGWMA-̅ and GWMA-̅ charts become worse under skewed distributions when the process distribution is unknown. A new distribution-free (nonparametric) control chart based on an exceedance statistic, denoted as the DGWMA-EX chart, is introduced. This chart provides a method for monitoring when no information is available with regards to the process distribution as well as the process median. A performance comparison of the DGWMA-EX chart is done with its competitors: the GWMA-EX and EWMA-EX charts.
The results reveal that the proposed chart is robust to non-normality when the process is IC and in many instances, performs better than the existing GWMA and EWMA charts based on exceedance statistics when the shift is small. This is due to the fact that DGWMA chart take advantage of the sequential (time ordered) accumulation of all the information from the start until the most recent observation, and is known to be more efficient in detecting smaller shifts as showed in this paper as well. Table 10 : values for the DGWMA-EX, GWMA-EX, EWMA-EX, DGWMA-̅ and GWMA-̅ charts for various shifts when * = 370 and = 49, = 5 under skewed distributions. When the process is IC, = . Therefore, the IC unconditional distribution of is given by ( ) ]) for = 1, 2, 3, … and 0 = 1.
